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0.1 Derived Fanctor

00000000 F:C — DO weak equivalence 1000000000 OO0O
000000000000000000 F':Ho(C)—Ho(D)OODUOOOApoF =
Floye OO

000000000 F':Ho(C) — Ho(D) 00O O00O0000F O weak equiva-
lence 0000000p0F =F oy 000000000000000000000
0000000 derived fanctor 000 00000000000000000 weak
equivalence 10 00 000000000000000000000000000O0
oooooo

Definition 0.1.1

C 0 model category 000000 F:C — DOOODOF O left derived fanctor
oood
LF:Ho(C)— D, t:LFoy — F

000000000000 (LF,t) 000000 universal form theleft 000000
oooo

uoo
G:Ho(C) —D , s:Goy— F

000000000000o0o0oo ¢:G—LFO0000oon
s=tos’y:Goy—LFoy—F
goodg
00000000 F O right derived fanctor 0 0 O
RF:Ho(C)— D, t:F— RFox

000000000000 (RF,t) 000000 universal form the right 0000 O
goood

OO left(right) derived fanctor 0000 0O (LFt),(RF,t) 0000000000
000000000000 D00D00D00D0OD0O0Ounivarsal propaty 000000
OOOLF,RFOOOOOOOO



Remmark 0.1.2

C' 0 model category DOOOF : C — DOOOOF O left(right) derived fanctor
0000000000 natural equivalence 00000000000

proof) 0O (LF,t), (LF',s)0 FOOOO left derived fanctor 000000000
t':LF —LF' |, §:LF — LFOO0000000

t=sot/y:LFoy—F , s=tosy:LF oy — F
oooooooooo
t=tosyot'y=to(sot')y

0000000 t=toly000000&,¢ 0000000 sot! =10000¢0s"' =1
gooono
O

Proposition 0.1.3

C 0 model category DO O OF : C — D 0O cofibrant object 0 O weak equivalence
0O DO isomorphism 00000000000 0OF O left derived fanctor 0 0O (LF,t)
0000000000000 cofibrant 0 X OOOOty : LFoy(X)=LF(X) —
F(xX)yooooooo

00 00O fibrant object 0 O weak equivalence 0 D 0O isomorphism O 0 00O O

O 0O O right derived fanctor 00 O 00O 0O

proof) 00 f ~ g : Cofibrant —» Cofibrant 00000000 Lemma OO F(f) =
F()0O0O0O0O00OO0O0O0DO00O0O00F :,C. — DOOOOO0OOOQ:C —, C,
agoood
Flo@Q:C—D

000000000 weak equivalence 0 0000000000 DOOODOOO0O
LF :Ho(C) — D
0000000000 natural transformation

t:LFoy — F
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O0tx = F(px) : LFony(X) = FoQ(X) — F(X)00OO0DD0DO0000X O
cofibrant 00 00QX =X 00000000000ty 0000000000000
0ooooooooo

000 univarsal form the left 000000 (G,s) 0 Ho(C) — D, Goy — F
oooobooobooboobooboon

s :G— LF

008y =s0xoG(px) 1 :G(X) — GoQ(X) — LF(X)=FoQ(X)0DOOO
O00(tosy)x =sx : Govy(X) — F(X)0O0OOOright derived fanctor 0 0 0O

goo
O

Definition 0.1.4
C,DO0OO00OO0OOD0O0O00 F:C — DO total left derived fanctor 0 0O O
vp o F: C — Ho(D)
O left derived fanctor DO OO OO0 OOOO F O total right derived fanctor O
vpo F:C — Ho(D)
O right derived fanctor 0 O O O
Remmark 0.1.5

C,D00000000O00 F:C— DO CO0OO0 (co)fibrant object O 0 weak
equivalence 0 D 0O weak equivalence 00000000000 0OF O total (left)right
derived fanctor 0 0 0 0 OO

proof) 00 vp : D — Ho(D) O weak equivalence 0 00000000 O Prop

01300000000
O

KBrownOOOOODOOOOODDOOO

Lemma 0.1.6



C,DoO0oO0000p0O0oO0 F :C — DO COO000 (co)fibrant object O
O acyclic (co)fibration O D O weak equivalence 0 0000000 0COOO0O
(co)fibrant object 0 O weak equivalence 0 D O weak equivalence O 0 00O

proof) 00 f: A — B O cofibrant 0 O weak equivalence 000000000
f+1p:A][|B—BOMCS0000000000000O
f+1B;A]_[BL>cLB

0000y : cofibration O p : acyclic fibration 0000 A, BOOO C O cofibrant O
goooo
joig:A— C,joi;: B—C

O cofibrant 0 O cofibration 0 00 OO0 OO f, 15, p 0 weak equivalence 0 0O O MC2
0000  o4dg,joi; O weak equivalence 000000000 F(joig), F(joii) O
weak equivalence OO OO0 O F(pojoiy) = F(1p) =1 0O weak equivalence 0 O
O0O0MC2000 F(p) O weak equivalenceDdl 0 00 O

F(f)=F(pojoig) = F(p)o F(joio)

000 weak equivalence 0 0 00

Remmark 0.1.7

C,DO000000D00O0O0 F:C — DO COO0OOO (co)fibrant object OO
acyclic (co)fibration 0 D O weak equivalence 000000000000 F O total
(left)right derived fanctor 0000 0O

total left derived fanctor O O O O weak equivalence 0 0 O O O O OO cofibrant
object O O acyclic cofibration [0 weak equivalence 00 0000000000000
Theorem 0.1.8

c,DO0DO0O000DOF:C«—D:GO0O0OO

1) 0 F O cofibration 000 OGO fibration 0000000
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00000 total derived fanctor 0 00 LEERFOOOOO
LF :Ho(C) <= Ho(D) : RG
goooooooooo

2) 0 C O cofibrant object 000 A OO D O fibrant object 000 X 0000
f:A— G(X)O CO weak equivalence 0 000000 f°: F(A) — X 0O DO
WeakequivalenceDDDDDDDDDDDDDDDDDDDJ”D fO0000000

O00O0O0ORF O LF O inverce equivalence of category D00 M 000 LFoRF
O RFoLFOODOOO identity fanctor O naturaly equivalent O O 0O O

00000000000 LemmaOOO0O0OOOO
Lemma 0.1.9

000 Theorem 0D 0000 1)00000000O0O0O0ODOOODO

1)’0 F O cofibration O acyclic cofibration O 0 0 O

1)’ 0 G O fibration O acyclic fibration 0 0 0 O

proof) 00 1) = 1)0000:¢: A— BO CO0O0DO0O acyclic cofibration O O
00o0O00OdoDDOO0d fibrationO OO0 p: X —YDOOOODOO

F(A) —2» X

0000000000 Lft000000000000000000000000
b
A —— G(X)

G(p)

B —— G(Y)

BI;



0 G 0O fibration 00000 G(p) O fibration 000 04 O acyclic cofibration O
00o0U00oooooo uiftoooooon0 f: B — GX)OOO0O0O0O0OOooo
f:FB)— X0OO0O0OO0lift000000000F(7) 0 acyclic cofibration 0 000

O000oo0o0ooy)yoo0o0oooooooo
O

proof of Th 0.1.8) 00 Lemma 0.1.9 0000 F O acyclic cofibration 0 00O G
O acyclic fibration 0 0 0 00 O Remmark 0.1.70 00000 000 O total derived
fanctor 000 LFRFOODO0O0O0O0DODOOODO Adjoinpair 000 O00O0OOO
O0O0F:C<«~D:GUO0O00 FO colimit0O0O00GO limitd0 000000
00000000 F O inicial object 0 00 0 G O terminal object 00000000
F O cofibration 0 OO0 OG O fibration 00000000 F O cofibrant O cofibrant
OO0GUO fibrant 0 fibrant 0000000 0OC O cofibrant object 000 AODODO
fibrant object 000 X OOOOO

Homeg (A, G(X)) 2 Homp(F(A), X)
0000000 ]left or right homotopic0ODOOOOOOOOOOO
Homyo() (4, G(X)) = Homp(py (F(A), X)

ogoooooogo Ho(C’)IZI object 01 00O ADDHO(D)D object 00O XOODODO

Homygo(c) (A, RG(X)) = Homyo(c (A, G(RX)) "4 Hompo () (QA, G(RX))
~ Hompo(p) (F(QA), RX) "L Homyy(p) (F(QA), X) = Homyro( py (LF(A), X)
oo00ooooooooooooono

LF : Ho(C) < Ho(D) : RG

oooo

00 2)00000000000AQ0 CO cofibrant object 00 00O O

ir(a) : F(A) — RF(A)

0000 RF(A)O DO fibrant 0000000000 OOODO

it 4yt A== GRF(A)
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O C O weak equivalence 0000000000 0OHo(C)ODDOODOO
ea =1} 14 1 A— RG(LF(A))

000000AQ cofibrant 00000 0RG(LF(A)) = GRFQ(A) = GRF(A) O
D000000eq=1(i%,) 0000640 Ho(C)0OOOO0O000H(C)O0
00 object O 00O (co)fibrant object 00000 O000es 0000 object 00O
OO00000C0O00OOO0RGoLF O identity fanctor 0 natural equivalence 0 O O O

0000 LF oRG O identity fanctor O natural equivalence 0 O O O
O

0 00 fibranbt replacement 0 RX O right derived fanctor 0 RFOOOOOO
oooo



